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INTRODUCTION 
We call (f, X, d) an operator whenever (X, d) is a metric space andf : X-t X. 
The orbit of a point x is the sequence of iterates x, fx, f%,.. . . Under certain 
weak conditions (e.g., f has closed graph, or d(x, fx) is lower semicontinuous) 
the limit p of a convergent orbit must be fixed, p = fp. A fixed point which is 
the limit of every orbit in X is called a contractive fixed point [4]. A necessary 
condition for a contractive fixed point is the equivalence of all orbits, 
d(f”x,fny)-+O as n-+cc (1) 
for all x, y in X. This condition is sufficient if X is compact and f is continuous 
[41* 
Our purpose here is to introduce a fixed point principle based on conditional 
uniform equivalence of orbits. This principle yields estimates for the approxi- 
mation of fixed points by orbits. It subsumes a body of fixed point theorems for 
which such orbital estimates hold. In particular, the principle applies to certain 
operators with contractive moduli of continuity. 
We call the graph of (f, X, d) complete if (x,) and (fxn) Cauchy in (X, d) 
imply x, + x and fx, ---f fx for some x. This condition will hold if the graph is 
closed and (X, d) is complete. We use “isotone” for “nondecreasing” and 
“antitone” for “nonincreasing.” N is the set of all positive integers. R is the set 
of all real numbers. 
THE FIXED POINT PRINCIPLE 
THEOREM 1. Given an operator (f, X, d) and c > 0, define 
E, = sup{d(fix, f “y): i > n, d(x, y) < c}. 
If ME, + E, < c and d(x, fx) < c, then 
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and all j in N. Hence, if 
d(f”x, fny) + 0 uniformly for all x, y with d(x, y) < C, (4) 
the orbits (f nx> with d(x, fx) < c are uniformly Cauchy. (5) 
If the graph of (f, X, d) is complete and (4) holds, then d(x, fx) < c implies that the 
orbit of x converges to a&ed point p = fp, andfor E, deJined by (2), 
d(f %x, P) < me, + cm if me, + E, < c. (6) 
Proof. Given m, n with me, + E, < c and x with d(x, fx) < c, let xi = f ix. 
By induction on K we shall prove that (3) holds for j < km, for all k in N. For 
k = 1, j < m implies by (2) that for i > n, (dx( , x6+J < d(x, , xi+J + a*. + 
d(xi+j-l, x~+~) < je, < me, . That is, 
4xi , xi+d d me, for j < 112, (7) 
which implies (3) for j < m. Given k in N such that (3) holds for all j < km, 
consider j such that km <j < (k + 1) m. Then 0 <j - m < km. So our 
induction hypothesis gives d(x, , zi++J < me, + em < c for all i > n. Applying 
f m we get by (2) 
d(xi+m > Xi+j) G %n for i 3 n. (8) 
Applying (7) with j = m and (8) we get d(xi , x~+~) < d(xi , x~+~) f 
4x<+, > xi+j) < rncn + E, for all i 3 n. So (3) holds for all j < (k + 1) m, 
completing the induction. 
Given (4), we have en JO since 0 < l ,+r < en < CO by (2). Hence, given 
0 < E < c we can choose m large enough so that E, < E. Then choose n large 
enough that E, < m-l(< - cm). Thus, me, + E, < E < c. So (3) holds for all 
j in N. Hence d(fix, f $+jx) < E f or all i > n, all j in N, and all x with d(x, fx) < c. 
So (5) holds. 
Let the graph be complete and (4) hold. Then if d(x, fx) < c, (5) implies 
(fnx) is Cauchy. Hence, since the graph is complete, f% ---f p and flz+% --) fp 
for some p. So p =fp. Finally, we get (6) by letting j- co in (3) with i = n. 
THEOREM 2. Let (f, X, d) be an operator with complete graph such that for 
some c > 0, (X, d) is weakly c-chained and (4) holds. Then (f, X, d) has a con- 
tractive fixed point. 
Proof. That X is weakly c-chained means given x, y in X there exists a finite 
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sequence (x,, , xi ,..., x,) with x0 = x, x, = y, and d(ximl , xi) < c for 
i = l,..., m. Hence (4) and the triangle inequality give (1). So all orbits are 
equivalent. In particular, for y =fx in (1) we get d(fY~,f~+~x) -+ 0. So 
d(f”x,f”+lx) < c for n sufficiently large. Hence, by Theorem 1, all orbits 
converge to a fixed point which must be unique since all orbits are equivalent. 
THEOREM 3. Let (f, X, d) be an operator for which there exists a sequence 
(co , Cl ,..* ) in R such that 
co > 0, c, 2 G&+1 3 cn i 0, 
and d(fx, fr) G c,+~ for all x, y with d(x, y) < c, . 
(9) 
Then (4) holds for c = co . Hence, if (X, d) is complete then the orbits (f “x) with 
d(x, fx) < c converge uniformly to Jixed points. 
Proof. By induction (9) implies d(f”x, f “y) < c, if d(x, y) < co. So (4) 
holds for c = co since c, J 0. Moreover, (9) implies d(fx, fy) < d(x, y) whenever 
d&y) d co . So f is continuous. Thus Theorem 3 follows from Theorem 1. 
We shall return to condition (9) in Theorems 6 and 7. 
THEOREM 4. Let (f, X, d) b e an operator with complete graph for which there 
exists a sequence of isotone functions +n on [0, 00) into [0, 001 such that +Jt) ---f 0 
for 0 < t < co and 
d(f “x, f %y) < +Jd(x, r>l for a0 x, Y in X. (10) 
Then (f, X, d) has a contractive $xed point p. Let 
v~(x) = Max{$Jd(x, fx)]: i > n}. (11) 
Then mv,(x) + vnz(x) < d(x,fx) implies 
d(f Rx, P) B mv,(x) + vdx). (12) 
Proof. For arbitrary c > 0, d(f nx, f “y) < &(c) for d(x, y) < c by (10) 
since I$~ is isotone. Hence, (4) holds because 4,(c) -+ 0. Thus, the existence of a 
contractive fixed point follows from Theorem 1 since all orbits are equivalent 
because c is arbitrary. The estimate (12) follows from (6) by (2) and (11) since 
for x # p we can take c = d(x, fx) to get E, < &(c) < v,(x), hence me, + E,,, < 
mv,(x) + v&>. 
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CONTRACTIVE MODULI OF CONTINUITY 
A function 4 on [0, c] modulates an operator (f, X, d) if 
for all x, y with d[x, y) < C. (13) 
We call $ contractive if 4 > 0 and 4(t) < t for 0 < t < c. 
THEOREM 5. Let 4(t) > 0 for 0 < t < c with 4(O) = 0. Then the following 
are equivalent : 
(i) Every operator modulated by 4 satis-es (4). 
(ii) Every operator modulated by 4 satisjies (5). 
(iii) 4 is contractive and 4”(t) -+ 0 uniformly as n --f CC for all functions * 
0% [0, c] with 0 < $ < $ and all t in [0, c]. 
(iv) Given E > 0 there exists iV in N such that if t, , tl , . . . . tnr belong to 
[0, c] with t, < $(t& for h = l,..., N then thi < E. 
Proof. (i) implies (ii) by Theorem 1. 
To prove that (ii) implies (iii), suppose 4 is not contractive. Then 4(t) 2 t 
for some t in (0, c]. Let X be the two-point subspace (0, t} of R. Let f be the 
isometry f 0 = t, ft = 0. Condition (13) is trivial for x = y since 4 2 0. For 
x + y, (13) reduces to t < 4(t). So $ modulates (f, X, d). For each x in X, 
d(x, fx) = t < c and f “x alternates between 0 and t. So no orbit is Cauchy, 
contradicting (ii). Therefore, 4 must be contractive. Now suppose the uniform 
convergence in (iii) fails. Then there exists 6 > 0 such that for each n in N we 
can choose t, in (0, c] and 0 < 4, < 4 with #n”(tn) > E. Let t,,, = q&“(tJ 
for m = l,..., n. Then tm,, > E since #n is contractive by inheritance from 4. Let 
X be the set of all (m, n) in N2 with m ,( ?z + 1. Define f (m, n) to be (m + 1, n) 
if m < n and (m, n) if m = n + 1. Let d be the unique metric on X with 
d[(m, 4, Cm’, 41 = t,,, if n = n’ and m < m’, 2c if n # 1~‘. Then the only 
pairs x, y with d(x, y) < c and d(fx, fy) > 0 are those with d(x, y) = t,,, for 
m < n, in which case d(fx, fy) = tn+l,n . Therefore, (13) holds since tm+l,n = 
y&(tm,J < q5(tm,n). So (f, X, d) is modulated by 4. For x, = (1, n) we have 
f “-%zn = (n, n) and fnx, = (n + 1, n), hence d(f”-lxn ,fnx,) = t,,, > E. So 
the orbits (f kx,) are not uniformly Cauchy, yet d(xn ,Jyn) = tl,n < c, violating 
(ii). Hence (iii) holds. 
To prove that (iii) implies (iv) consider any E > 0. Use (iii) to get N such that 
#N(t) < E for all 0 \( 4 < 4 on [0, c] and all t in [0, c]. Given to ,..., tN in [0, c] 
with t, < +(t& for k = l,..., N we can ignore the trivial case t,,, = 0. For 
tN > 0 we have q5(tk) < $(tk-J for k = I,..., N since + is contractive by (iii). 
Hence we can effectively define 4 on [0, c] by #(t) = t, if d(t) = $(tkel) for some 
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1 < K < N, and 4(t) = 0 otherwise. Then 0 < # < 4 since fi >, 0 and 
t, < $(tle-l). Since t, = #(tkel) induction yields t, = I/P(Q < E. 
To prove that (iv) implies (i) we first note that (iv) implies $ is contractive. 
Indeed, if d(c) >, E for some E in (0, c] take t, = E for k = O,..., N. Then (iv) 
gives the contradiction E = tN < E. So d(fx,fy) < d(x, y) for (f, X, d) modulated 
by 4 and d(x, y) < c. Given x, y with d(x, y) < c apply (iv) with t, = d(f4,fky) 
to conclude d(fN~,f~y) < E. Hence, d(f”~,f~y) < E for all n > N and all 
x, y with d(x, y) < c. 
THEOREM 6. Let 4 be un isotone, nonnegative function on [0, c]. Then the 
following are equivalent: 
(i) Every operator (f, X, d) modulated by + satisfies (4). 
(ii) If (f, X, d) is modulated by 4 and d(x, fx) < c then (f “x) is Cuuchy. 
(iii) d(c) < c and p(c) 4 0. 
(iv) There exists (cn) with co = c such that (9) holds for every operator 
(f, X, d) modulated by $. 
Proof. (i) implies (ii) by Theorem 1. 
To prove that (ii) implies (iii) apply the first part of the proof that (ii) implies 
(iii) in Theorem 5 to conclude that 4 is contractive. Hence, d(c) < c and $n(c) >, 
p+yc> 3 0. If@(c) = 0 f or some n, we are finished. So we may assume p(c) > 0 
for all n in N. Let X be the set of all nonnegative integers and take d to be the 
unique metric on X with d(n, m) = p(c) for 0 < n < m. Define fn = n + 1 
on X. Then for n < m, d(n + 1, m + 1) = p+l(c) = +[d(n, m)]. So (13) holds. 
Now d(0, 1) =4”(c) = c. Hence, the orbit (n) of 0 is Cauchy by (ii). So 
+n(c) = d(n, n + 1) + 0. 
To prove that (iii) implies (iv) define c, = p(c). Then (9) follows from (13) 
and (iii) since 4 is isotone. 
(iv) implies (i) by Theorem 3. 
Note that since $ is isotone and nonnegative, (iii) means 4 operates on [0, c] 
with all orbits ($Pt) converging uniformly to the fixed point 0 = 40. 
In Theorems 5 and 6 we fixed a modulus #J and c > 0 and examined the 
operators modulated by 4 on [0, c]. Now let us fix an operator (f, X, d) and 
c > 0, and examine the functions 4 which modulate (f, X, d) on [0, c]. 
THEOREM 7. Given an operator (f, X, d) and c > 0, the following are equi- 
valent : 
(a) Statement (9) holds for some (c,) with c0 = c. 
(b) Statement (13) holds for some isotone, contractive 4 on [0, c] with 
P(c) 10. 
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Proof. To prove that (a) implies (b) note that by (9), [0, c] is the disjoint 
union of [0, 0] and the intervals (cn , c&j for n in N. Define 4(O) = 0 and 
+(t) = c, for c, < t < c+r . Clearly $ is isotone and contractive on [0, c]. Since 
c, 10 by (9) and P(c) < c, , e(c) J 0. To prove that (b) implies (a) apply 
Theorem 6 in which (iii) implies (iv). 
THEOREM 8. Given an operator (f, X, d) and c > 0, let C be the set of all 
contractive 4 on [0, c] which satisfy (13). The following are then equivalent: 
(1”) Given E > 0 there exists 6 > 0 such that 
d(fx, fu) < 4x, r> - 6 if E<d(x,y)<c. (14) 
(2“) Given E > 0 there exists 0 < 01 < 1 such that 
d(fx, fr) ,< old@, Y) if E < d(x, Y) < c. (15) 
(3”) Given E > 0 there exists 0 < (Y < 1 such that 
d(fx, fy) d 4x, r> + (1 - 4 c if 0, Y) < c. (16) 
(4”) Some member of C is isotone and convex. 
(5”) Some member of C is convex. 
(6”) t+(t) is antitone on (0, c] for some + in C. 
(70) Some member of C is subadditive. 
(8’7 t - $(t) is isotone for some 4 in C. 
(9”) Forsome$inC, t-+Oast-+(t)+O. 
w> Some member of C is isotone and right continuous. 
(11”) Some member of C is upper semicontinuous. 
Proof. (1”) implies (2”). Given E > 0 we get 0 < 6 < c from (1”) so that 
(14) holds. Let (II = 1 - &-I. Then 0 < 01 < 1. Moreover, for E < d(x, y) < c, 
(14) gives 
d(fx, fy) < d(x, y) - 6 = d(x, y) - (1 - 4 c < d(x> Y> - (1 - 4 d(x, Y> 
= cud@, y). 
(2”) implies (3”). Condition (15) clearly implies (16) if d(x,y) 2 E. For 
d(x, y) < E, d(x, y) = d(x, y) + (1 - a> d(x, y) < a+,~) + (1 - 4 E which 
implies d(fx, 2~) < ad(x, Y> + (1 - ) a E since by (2”), d(fx, fy) < d(x, y) for 
d(x, y) < c. Hence (16). 
(3”) implies (4”). Let L be the set of all functions Z/J which modulate 
(f, A’, d) on [0, c] and are of the form t)(t) = at + b with a > 0, b > 0. Defint 
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4(t) = inf{#(t): 4 E L} for 0 < t < c. Since each # in L modulates (f, X, d) on 
[0, c], so does $. Since each # in L is isotone, nonnegative, and convex on [0, c], 
so is $. Given 0 < t < c choose 0 < E < t and get 0 < 01 < 1 from (3”) so that 
(16) holds. By (16) the function 4(t) = at + (1 - a) E modulates (f, X, d) on 
[0, c]. Hence, since 01 > 0 and (1 - a) E > 0, I/ belongs to L. So j(t) < 
cd + (1 - a) E < at + (1 - a) t = t. So 5, is contractive. 
(4”) implies (5”) a fortiori. 
(5”) implies (6”). Choose + convex in C by (5”). Then $(a~ + bt) 3 
a+(s) + b$(t) for s, t in [0, c], 0 < a < 1, and b = 1 - a. For t = 0 this gives 
$(a) 3 a+(s) + b+(O) >, UC(S) since 4 > 0. Given 0 < r < s < c set a = r/s 
in $(as) 3 u+(s) and divide by Y to get r-‘+(r) > s++(s). 
(6”) implies (7”). G iven $ in C with t-l+(t) antitone on (0, c] we contend 
(b is subadditive on [0, c]. Let s, t, and s + t belong to [0, c]. Then s + t >, s, 
so (s + t)-l4(s + t) f s-+$(s). That is, 
MS + t>>d(s + t) G 4(s)* (17) 
Interchanging s and t in (17) and adding the resulting inequality to (17) we get 
the subadditivity condition 
$J(s + t) 9 4(s) + $(t)* (18) 
(7”) implies (8”). From (18) we get for s > 0, (s + t) - $(s + t) > 
[s -$(s)] + [t -$(t)] > t -+(t) since s - 4(s) > 0. So t -$(t) is isotone. 
(8’) implies (9”). Given E > 0 we must find S > 0 such that t < E for 
t -4(t) < 6. Assuming 0 < E < c take 6 = E -4(c). Then 6 > 0 because + 
is contractive. Also, since t -$(t) is isotone, 
ogt<c and t -d(t) < 6 imply t < E. (19) 
(9”) implies (1”). By (9”), given E > 0 there exists 6 > 0 such that (19) 
holds. Contrapositively, E < t < c implies t - +(t) > 6, hence 4(t) < t - 6. 
This implication with (13) gives (1”). 
(4”) implies (100) a fortiori since $ convex on [0, c] implies $ is continuous 
on (0, c). Since 4 is contractive, it is continuous at 0. Since 4 is convex and isotone 
it is continuous at c. So 4 is continuous on [0, c]. 
(IO’) implies (11”). Every isotone, right continuous function is upper 
semicontinuous since every isotone function is left upper semicontinuous. 
(11”) implies (9”). Let 4 be an upper semicontinuous member of C. 
Then t - c+(t) is lower semicontinuous, hence attains a minimum 6 on the com- 
pact interval [E, c] with 0 < E < c. Since + is contractive, 6 > 0. Since 
S < t --4(t) for E < t f c, we have (19). 
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THEOREM 9. Let (f, X, d) be an operator with (X, d) complete such that one 
(hence aZ2) of the conditions (1 “)-( 11”) of Th eorem 8 holds for some c > 0. Then the 
orbits (f “x) with d(x, fx) < c converge uniformly to $xed points of the operator. 
Proof. Theorem 9 will follow from Theorems 3, 7, and 8 if we show that 
(100) of Theorem 8 implies (b) of Theorem 7, so each of the conditions (lo)- 
(11”) in Theorem 8 implies both (a) and (b) in Theorem 7. We need only show 
that for 4 specified by (lo’), 4”(c) JO. Let t, = p(c). Since 4 is contractive, 
t, j. t for some t 3 0. Therefore, since $(t,J = tnfl , $(tn) 1 t. But, since 4 is 
right continuous, $(tn) J 4(t). So 4(t) = t. H ence, since $ is contractive, t = 0. 
FINAL REMARKS 
The conditions in Theorem 8 are more stringent than those in Theorem 7. 
This is shown by the following example. Consider c = co > c, > ... with 
c, J 0. Define b(t) = c, for c, < t < en-r with n in N, and 4(O) = 0. Take 
X = [0, c] with the unique metric d such that d(s, t) = t for s < t. Let f = 4. 
Then $ is the minimum modulus for (f, X, d) and is isotone and contractive. 
Moreover, +n(c) = c, J 0. So (b) of Theorem 7 holds. But conditions (I”)-(1 1”) 
of Theorem 8 do not hold. Indeed, (9”) cannot hold since it fails for the minimum 
modulus 4 where t - d(t) = t - cr J 0 as t J cr . 
Theorem 9 recasts some known results. Rakotch [5] used (6”) to get a fixed 
point. Browder [2] used (lo”) and showed that (6”) implies (10’). Boyd and 
Wong [l] showed that the minimum modulus for an operator (f, X, d) on a 
complete, metrically convex (X, d) is subadditive. So for such operators (7”) 
is equivalent to C being nonempty, that is, (f, X, d) has a contractive modulus 
on [0, c]. Boyd and Wong [l] proved that an operator with a contractive modulus 
on a complete, metrically convex space has a contractive fixed point. Browder [2] 
proved this for Banach spaces. Wong [6] essentially proved that (7”) implies (6”). 
A theorem of Boyd and Wong [I] weakens hypothesis (1 I”), replacing “upper 
semicontinuous” by “right upper semicontinuous,” and yields the conclusion 
that every orbit (f “x) with d(x, fx) < c is Cauchy. But the uniformity of 
convergence that (11”) yields through our principle is lost. This theorem of 
Boyd and Wong is subsumed by the Meir-Keeler fixed point principle [4]: 
Let (f, X, d) be an operator with (X, d) complete such that given E > 0 there 
exists 6 > 0 with d(fx, fy) < E whenever d(x, y) < E + 6. Then (f, X, d) has a 
contractive fixed point. This principle applies only to contractive operators, 
d(fx, fy) < d(x, y) for x # y, and yields no estimates for the rate of orbital 
convergence. Our principle applies only where orbital convergence is con- 
ditionally uniform, but the operators need not be continuous, let alone con- 
tractive. So our principle is independent of the Meir-Keeler principle. 
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